Introduction.
Let GF(pn) denote a fixed Galois field of order p*, p being any odd prime, and n an arbitrary positive integer; let £)(#, />") denote the totality of polynomials in an indeterminate, x, with coefficients in GF(pn). In this paper we seek simple expressions for the number of representations of a polynomial in 2) as a sum of squares of polynomials in £) that satisfy certain restrictions.
More precisely, suppose that £ is a primary polynomial, that is, the coefficient of the highest power of x occurring in £ is the 1 element of the Galois field. 
is a square in GF(pn), then the number of solutions of (1) is pt~i(F); if the expression (5) is a non-square of GF(pn), then the number of solutions is «_i(F).
Case (B) involves a modification of the p and co functions: if (5) is a square, the number of solutions of (2) is
is a non-square, the number of solutions is where
If k >/, the second sum in (6) and (7) is vacuous and denotes zero. We first treat case (A) ; then, making use of the results for this case, it is easy to deduce the results (6) and (7) for case (B). The method used is quite elementary, and presupposes only some well known general theorems concerning Galois fields.* It should be emphasized that the results of this paper hold for all positive s. This is rather surprising when comparison is made with the known results concerning the number of representations of an ordinary integer as the sum of 2s squares: in the latter problem, while the cases 2s = 2, 4, 6, 8 admit of * These theorems will be found in Dickson's Linear Groups, 1901, pp. 3-54. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use simple expressions in terms of divisor functions, this is no longer true for 2s > 8. While comparison of the problem of this paper with the ordinary problem is of some interest, actually, since we are considering representations in terms of primary polynomials, the analogy is closer with the question of the number of representations of an integer as the sum of squares of positive integers.
Finally, we remark that it is possible, by methods similar to those used here, to determine the number of representations of a polynomial by means of any odd number of squares (that satisfy certain conditions). As we shall show in another paper, the final formulas are of quite a different type ; they are no longer functions of divisors but involve sums of quadratic characters.
2. Notation; preliminary lemmas.* We shall employ the following notation. Polynomials will be denoted by large italic letters; unless the contrary be explicitly stated, a polynomial will always be assumed primary. Ordinary integers will be denoted by small italic letters, elements of the Galois field by small Greek letters. The degree of a polynomial will be denoted by the corresponding small letter, and we shall write / = degf, |F| = p»'. and a and ß are two non-zero elements of GF(pn) such that a+ß^O, then the number of solutions of (9) (a + ß)F = aAU + ßBV, \AU\ = | BV\ , in polynomials U, V, is \F/(AB)\ =/>»(/-<■-»).
(II) If k is an integer >f,a+b^k, and a is any non-zero element ofGF(pn), then the number of solutions of (10) aF = AU-BV,
It will suffice to prove (II) alone. From (10), we have (12) is integral. If then V be any (primary) polynomial of degree v' = k-a -b, U' is uniquely determined, and, retracing the steps that led from (10) to (12), U, V are uniquely determined. Since V can be chosen in ways, this proves case (II). The proof of case (I) is very much the same.
3. Theorems on the p and w functions. We now prove certain formulas concerning the functions pt(F) and wt(F) defined in the Introduction. As we shall see in the next section, these formulas enable us to solve our problem concerning (1); furthermore, the formulas seem to be of some interest in themselves. Theorem 1. If F is of even degree, 2k; a, ß two elements of GF(pn) such that aß(a+ß) y±0;s,t two (real or complex) numbers; then
where, in each instance, the summation is extended over all (primary) polynomials A, B of degree 2k, such that (a + ß)F = oA +ßB.
The three formulas (13), (14), (15) The left hand member of (19) is by (17) I ( 
by case (I) of Lemma 2. By the definition of \p(a, b) in Lemma 1, the last expression is equal to
Applying Lemma 1, the sum becomes
where, for brevity, we put
so that, Dy (21) and (22) 
Similarly ( 
as may be verified without any calculation by applying (23) and then grouping the terms in an obvious way. This evidently completes the proof of (19) and therefore of Theorem 1. We next prove a group of formulas that will be needed in §5 in deriving the expression sought for the number of solutions of (2).
Theorem 2. If F is of arbitrary degree, f; 2k is an even integer >/; a is any non-zero element ofGF(pn); s, t two (real or complex) numbers; then (29) Ep.G4 )/>«(*) = r(2i-'H'+1+1>pí+<+,(í'), (30) Ep.G4)o>.CB) -/>n(2*-/)(-H+1)a>í+í+i(F),
where, in each instance, the summation is extended over all polynomials A, B of degree 2k, such that aF=A-B; pk(F), a, (F) are defined by (6) and (7), respectively.
Exactly as in Theorem 1, the formulas (29), (30), (31) The proof of (33) is very similar to that of (19), except that wherever Lemma 2 is necessary, we now use case (II). It is scarcely necessary to give the proof in detail. We begin exactly as in (20) . .
Similarly, we find that
(37) l *"
Combining (34), • • • , (37) exactly as in (28) (the corresponding point in the proof of Theorem 1) we complete the proof of (33) and therefore of Theorem 2.
4. Number of solutions of (1). We begin with the case 5 = 1 and then proceed by induction to the formulas (3) and (4) for general s.
Theorem 3. If a is an element of GF(pn),^0 or 1; F is of even degree, 2k; then the number of solutions of (38) (1 -a)F = X2 -aY2
in ( (II)* a is now not the square of any element of GF(pn) ; however it is a square in the Galois field of order p2n, GF(p2n), which contains the original * This case can be deduced from the general theory of quadratic fields over!©, worked out in detail by Artin, Mathematische Zeitschrift, vol. 19 (1924) , pp. 153-246. However we shall make no use of this theory here. GF(pn). Put a = 02, so that 0 is in GF(j>2n) but not in GF(pn); in particular 05= ± 1. Then as above X + BY X-6Y F-= UV, whence A=A', B= -B'. Therefore we seek the number of solutions of
where A is primary of degree k, and B is of lesser degree and need not be primary. This can be determined readily if we make use of two well known properties of polynomials over a Gälois field: first, an irreducible polynomial over GF(p") factors in GF(p2n) if and only if its degree is even; second, a polynomial over GF(pn) can be expressed as a product of irreducible polynomials over GF(pn) in essentially one way. Suppose now £ = Ql, Q irreducible of degree q. Clearly if / and q axe both odd, there are no factorizations (39) ; if q is odd but I is even, there is one such factorization. However if q is even, there are /+1 factorizations. In other words the number of solutions of (39) is a square in GF(pn) ; and is co"_i(£) if (40) is a non-square in GF(p"). 
